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Abstract. We generalize V(A), which was introduced in to larger cardinals. For 
a regular cardinal n > Ho we denote by V K (A) the statement that A C K and for all 
regular > k do we have that 

{X e [L e [A]} <K : IOkEkA otp(X n OR) G Card i[AnXnK] } 

is stationary in [Lg[A]] <K . 

It was shown in Q that Vn^A) can hold in a set-generic extension of L. We here 
prove that Vk 2 (A) can hold in a semi-proper set-generic extension of L, whereas Vn 3 (0) 
is equivalent with the existence of 0#. 

Let A C Wj. In [§] we introduced the following assertion, denoted by 
V{A): 

{X G [L W2 [A}Y: 3a<(3e Card L[Ana] 3n ir. L p [An a] ^ X ^ L W2 [A}} 

is stationary in [L £J2 [A]] £i '. The present note is concerned with generalizations 
of V(A) to larger cardinals. 

Definition 1 Let k and 6 both be regular cardinals, Ko < k < 6- Then by 
V e K (A) we denote the statement that A C k and 

{X G [L e [A]] <K : IHkGkA otp(X H OR) G Card i[AnXnK] } 

zs stationary in [Lg[A]] <K . By V K (A) we denote the statement that V 9 K (A) 
holds for all regular 9 > k. 

Moreover, we write for V^(0) ; and V K for V re (0). 
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It is clear that V(-A) is V N ^(A). The following theorem is established by 
the proofs in 0. 

Theorem 2 Equiconsistent are: 

(1) ZFC+ "L(K) is absolute for proper forcings, " 

(2) ZFC + V = L[A] + V^(A), and 

(3) ZFC+ "there is a remarkable cardinal." 

Let us repeat the definition of a remarkable cardinal for the convenience 
of the reader. 

Definition 3 A cardinal k is called remarkable iff for all regular cardinals 
9 > k there are n, M, R, a, N, and 9 such that the following hold: 

• 7r: M — > He is an elementary embedding, 

• M is countable and transitive, 

• 7r(R) = K, 

• a: M N is an elementary embedding with critical point R, 

• N is countable and transitive, 

• 9 = M H OR is a regular cardinal in N, a(R) > 9, and 

• M = Hf , i.e., M <E N and N \= "M is the set of all sets which are 
hereditarily smaller than 9. " 

Lemma 1.6 of 0] gave an important characterization of remarkable car- 
dinals. 

Definition 4 (|| Definition 1.5) Let k be a cardinal. Let G be Col(u, < k)- 
generic over V , let 9 > k be a regular cardinal, and let X G [/J^ G '] W . We 
say that X condenses remarkably if X = ran(ir) for some elementary 

n: {H V ^\ G, G H H v a ) G, Hj, G) 

where a = crit(n) < (3 < k and (3 is a regular cardinal (in V). 



Lemma 5 (0 Lemma 1.6) A cardinal k is remarkable if and only if for all 
regular cardinals 9 > n do we have that 



Col (lj,<k) 



'{X G [if J } u : X condenses remarkably} is stationary.' 
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Here is a sufficient criterion for being remarkable in L: 

Lemma 6 Let k be a regular cardinal, and suppose that V K holds. Then k 
is remarkable in L. 

Proof. It is easy to see that VJJ + implies that k is an inaccessible 
cardinal of L. 

Fix 9 > K, a regular cardinal. By V^ + , we may pick some n: L 7 — > L e + 
such that 7 < k is a (regular) cardinal in L. Let n(a) = k and 7r(/3) = 0. 
Let G be Col(u>, < a)-generic over V and let G D G be Col(u, < /-^-generic 
over V. Then 7r extends, in V[G], to some 

n : L 7 [G] -> L e + [G] . 

Let 9Jt G L 7 [G] be a model of finite type with universe Lp[G]. We have that 

Notice that 7 < re, and therefore £/?[G] is countable in L[G]. By absoluteness 
(cf. || Lemma 0.2), there is hence some a G Lg+[G] such that 

a : 9JT-> 7r(£Dt). 

Therefore, H-^}/^ <K ) "there is some countable X -< n(VJl) such that Xflre G 
« and otp(X n OR) is a cardinal in L[G n Lxrire]-" 

Pulling this assertion back via 5" yields that H - ^^ <a ) "there is some 
countable X -< DJl such that X D a G a and otp(X D OR) is a cardinal in 
L[G fl Ljjfna]-" As 971 was arbitrary, we thus have H- c ^/ w <a \ "the set of all 
X G [L^fG]]" such that X condenses remarkably is stationary." Lifting this 
up via 71 yields H-^^ <«) "^ ne se ^ °f an X G ] w such that X condenses 

ramarkably is stationary." 

We have shown that k is remarkable in L, using Lemma [5[ 

□® 

It is easy to see that for no k can V£ + hold in L. We shall now consider 
the task of forcing V K (^4) to hold in a (set-) generic extension of L. 

As to Vn 1 (A), Con (3) =>- Con (2) in Theorem ^| is shown by proving that 
if k is remarkable in L and G C k is CoI(uj, < re)-generic over L then V K (G) 
holds in L[G]. Let us now turn towards Vn 2 (^4). 
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Theorem 7 Let k be remarkable in L, and suppose that there is no A < k 
such that L K |= "A is remarkable. " There is then a semi-proper forcing P G L 
with the property that in V ¥ there is some A such that V^ 2 (A) holds. 

Proof. Let Nm denote Namba forcing. Let 9 > uj 2 be regular. By Fg 
we shall denote the forcing 

Col{u 2 ,6) *Nm. 

Notice that Col(u> 2 ,9) turns the cofinality of each cardinal £ G [u>2,6] with 
former cofinality > uj 2 into u 2 , and therefore P# turns the cofinality of each 
such cardinal into uj. Moreover, Fg is semi-proper by ||. 

We shall now define an RCS iteration (Qi: 2 < k) as follows. We let 
Qo = 0, and for limit ordinals A < k we let Qa be the revised limit of the 
Qi, i < A. Now suppose that Q« has been defined for some i < k. It will 
be easy to verify that inductively, U G C u 2 P By Lemma || and our 

assumption that no A < k is remarkable in L K , for each p G Q, there is some 
(least) 6 p < k such that 

- (p "V« P 2 (G) holds"). 

Letting 6 = sup pe Q. 6 P < k, we therefore have that 

II-l "V« 2 (G) fails." 
We then let Q be a name for Pg, as being defined in and we set 

Qi+i = Qi * Q- 

Now set P = Q K . Let G be P-generic over L. We have G C k. As P is 
semi-proper, uly G ^ = uj\. It is moreover easy to see that k = UJ 2 ^- We are 
left with having to verify that V K (G) holds in L[G}. 

Suppose not. In fact suppose that there are p G P and some (least) 6 
such that 

-(P IK "V e H2 (G) holds"). 

In L, we may pick n: L 7 — > Lq+ and a: L 7 — > L 7 such that 7 < 7 < Ui, 
k G ran(7r), a = 7t _1 (k) is the critical point of a, a(a) > 7 and 7 is a regular 
cardinal in Lx,. 
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Let P = 7r _1 (P) and P = tr(P). It is easy to see that P = P \ a (with the 
obvious meaning). Let f3 = 7r~ 1 (6 ) ). Notice that, using it, there is some q G P 
such that (3 is least with 

- (9 ll-l "<(G9 holds"). 

Therefore, there is some f3* > f3 such that forcing with P^*, as defined in L~, 
is the next step right after forcing with P in the iteration P. 

Let G G L be P-generic over L 7 (and hence over L 7 , too) such that q G G, 
and let G D G be P-generic over L 7 . Then a lifts to a: L 7 [G] — > L 7 [G]. In 
order to derive a contradiction it now suffices to prove that Vf (G) holds in 
L 7 [G]. 

Let 971 G £ 7 [G] be a model of finite type with universe Lp[G\. We have 

a \ Lfs[G] : 2K -> cr(SUl). 

We would now like to build a tree T G L 7 [G] searching for an embedding like 
this one. 

Claim 1. In L^[G], Lp[G\ = [J n<u , X n , where for each n < u, X n C 
X n+1 , X n G £ 7 [G], and Card(X n ) = a in L 7 [G]. 

Proof. Let F:a — >■ /?, F G £ 7 [G], be surjective, and let — > a, 
/ G £ 7 [G], be cofinal, where F, / are the objects adjoined by forcing with 
P/3*, as defined in L~. Let 

X; = F"/(n), for n < w. 

Notice that F \ £ G L 7 [G] (and hence G £ 7 [G]) for each £ < a. In particular, 
G L 7 [G] for each £ < a. The rest is easy. 

□ (Claim 1) 

Now fix (X n : n < u) as provided by Claim 1. We may and shall assume 
that (X n ; ...) -< Wl for all n < u. 

Claim 2. a \ X n E L 7 [G] for each n < uj. 

Proof. Let /: a — > X n be bijective, / G L 7 . For x G X n we'll then have 
that y = a(x) iff there is some £ < a with x = /(£) A y = cr(/)(£). But / 
and cr(/) are both in L 7 [G]. Therefore, 5" \ X n G L 7 [G]. 
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□ (Claim 2) 



Now let T be the tree of height u consisting of all (X n , r), where n < uj 
and r: (X n ; ...) — > a(Wl) is elementary, ordered by (X n ,r) < (X m ,r') if and 
only if n > m and r D r'. Of course, T G L 7 [Cr]. Claim 2 witnesses that T 
is illfounded in V. T is hence illfounded in L 7 [G] as well. This buys us that 
in L^[G], there is some 

r : 9DT — > a-(SPT) . 

We thus have that L^[G] \= "there is some X -< cr(£DT) such that Card(X) < 
<7(a), X n (7(a) G (7(a), and otp(X n 0/2) G Card L[(5nXn<T(Q)1 ." Pulling this 
back via a gives that L 7 [(5] |= "there is some X ~< DJl such that Card(X) < a, 
X n a G a, and otp(X n 0i2) G Card L[(:?nXnQ l" 

As 9Jt was arbitrary, this shows that V^(G) holds in L 7 [G]. 

□(0) 

Our Theorem |7| strengthens a result which is proved in Chapter 7 of [|TJ 
and which (in the terminology provided by Definition [I]) shows that, if 0* 
exists then there is a semi-proper (set-) forcing extension V of L in which 
there is some A C uj 2 such that V = L[A] and V H " +1 hold in V. 

We get the following corollary to Lemma ^| and Theorem [f[ 

Corollary 8 Equiconsistent are: 

(1) ZFC + V = L[A]+Vx 2 (A), and 

(2) ZFC+ "there is a remarkable cardinal." 

We finally turn towards V K for k > K 3 . 

Lemma 9 Let k be a regular cardinal, k > K3. Suppose that V£ + holds. 
Then 0* exists. 

Proof. Suppose not. Pick 7r: Lp — > L Ui such that ui 2 < a = c.p.iji) < u> 3 
and (3 is a cardinal of L. We have that V(a) fl L C L^, and we may hence 
define the ultrapower Ult(L; U), where X G U iff X G P(a) fl L A a G 7r(X). 
As 0* does not exist, cf v (a +L ) > uj as a consequence of Jensen's Covering 
Lemma for L. By standard methods this implies that Ult(L\ U) is well- 
founded. So # does exist after all. Contradiction! 

□d) 
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Lemma 10 Suppose that 0* exists. Then V K holds for every regular cardinal 

ft > N - 

Proof. We consider # as a subset of u. Fix n. Let 971 = (L K ; P) be a 
model of finite type with universe L K . Let E C ft x k be well-founded and 
such that («; P) condenses to (L K [0#]; g) via the isomorphism a: ft — >• L«[0#], 
and let £ = cr T cr _1 "ft. Let > ft be regular, and let 

tt: G, # , P, E, G) -> G, # , P, E, P) 

be such that (3 < k and ran(ir) fl ft G ft. It is then straightforward to check 
that for all 7 < /3, 7 +i < /3. Therefore, /? G Card L . As 071 = P) was 
arbitrary, this means that holds. 

□(0) 

Corollary 11 Let ft > N 3 6e a regular cardinal. Equivalent are: 

(1) V K holds, and 

(2) # exists. 

We conclude with a few remarks. Suppose that ft > N3 is a regular 
cardinal. It can be shown that V = L[A] AV^. + (A) implies that every element 
of H K has a sharp (but of course, A# doesn't exist in Moreover, if 

A C ft is such that Hk [A * ] = H^ [A] then L[A] \= V«(A). In particular, if 
= L[P] (= the least weasel which is closed under sharps) then |= "for 
all regular cardinals ft > N , V K (P fl ft) holds." 
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